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ABSTRACT: The chain length and compositional dependence of the effective chi parameter, øs, in model
isotopic polyethylene blends were determined at two different temperatures using our recently developed
optimized cluster theory for polymer mixtures. øs was found to have a concave-up compositional
dependence that decreased with increasing temperature and molecular weight, in agreement with neutron
scattering measurements. A best fit to the chain length dependence of øs at constant temperature and
composition had the form, øs ) øs(∞) + D/N, where N is the number of segments comprising the polymers.
In addition, the calculated compositional dependence of øs could be accurately described by a simple
functional form that was previously proposed to fit experimental data on isotopic blends. However, the
theory underestimates the breadth of the compositional dependence reported in the literature.

I. Introduction

Structurally symmetric isotopic blends are ideal
candidates for the initial investigation of the role
compositional fluctuations, fluid compressibility, and
local liquid packing have on the thermodynamic proper-
ties, specifically the ø parameter, øs, in polymer blends.
Because of the weak dispersive interactions between the
species present, arising from the difference in the bond
polarizabilities of the C-H and C-D bonds, nearly
mean field behavior is expected to be observed in these
systems.1,2 However, øs, determined from neutron scat-
tering measurements by comparing the coherent scat-
tering intensity to the RPA form of the structure
factor,1-6 is found to follow the form øs ) A/T + B, where
A and B depend on composition and molecular weight.3-6

This can be contrasted with strict Flory-Huggins mean
field theory, which assumes øs to be a constant divided
by temperature, T. Further, the compositional depen-
dence of øs has been found to be influenced by the
chemical structure of the polymers. Many polyolefin
based isotopic blends display a concave-up compositional
dependence for øs,2,3,6 while mixtures of polystyrene and
deuterated polystyrene exhibit a concave-down compo-
sitional dependence for øs.4,6

The inability of Flory-Huggins mean field theory to
capture the behavior of øs observed for isotopic blends
has led to a number of new theoretical approaches.
Dudowicz and Freed7-9 have developed a lattice cluster
theory (LCT) that perturbatively corrects the Flory-
Huggins mean field theory. This approach allows for
the modeling of complex monomeric units, and fluid
compressibility is incorporated through the introduction
of voids on the lattice. The free energy for the system
is expanded in a double perturbation expansion in the
bonding constraints, expressed in terms of the powers
of the inverse of the lattice coordination number (1/z),
and the attractive energies (εRγ/kBT).7 Calculations for
binary blends to second order in both parameters are
in qualitative agreement with many of the features
observed in isotopic blends.7-9 However, an attempt to
model the compositional dependence of øs in isotopic
polyethylene blends,9 using interaction energies (εRγ)
appropriate for isotopic mixtures, did not yield the

concave-up behavior observed in recent experiments.6
Schweizer, Curro, and co-workers10-13 have developed
an off-lattice theory for polymeric systems, referred to
as PRISM theory, that is based on the reference
interaction site model (RISM) theory for the structure
and thermodynamics of molecular fluids, developed by
Chandler and Andersen.14,15 This theory includes con-
tributions to øs derived from composition fluctuations,
compressibility, and local liquid packing by solving the
PRISM integral equation with some closure approxima-
tion.11 Recently, Schweizer and Singh12 have investi-
gated the thermodynamics of polyolefin blends using
PRISM theory and have highlighted a number of
interesting findings, including a breakdown of the mean
field theory for random copolymer blends and large
deutration swap effects in random copolymer blends;
although, the compositional dependence of øs was not
considered in those studies. PRISM calculations13 at
meltlike densities have been performed, however, on
“energetically symmetric blends”, which are a simplified
model for isotopic blends, and concave-up compositional
dependence for øs was found, with the compositional
dependence decreasing with increasing chain length.
For chains consisting of 2500 segments at a temperature
(characterized by øsN ) 1.9) fairly close to the critical
temperature, øs varied by approximately 5% over the
entire concentration range.13 This is much smaller than
the relative change of øs with composition observed in
numerous measurements on polyolefin based isotopic
blends.2-6

Recently, we have developed a theory16,17 for the
structure and thermodynamic properties of binary
polymer blends that is a generalization of the optimized
cluster theories for simple liquids and one component
molecular systems.18-21 The theory includes, in an
approximate manner, fluctuation and compressibility
effects, and chemical details that are responsible for
local liquid packing can easily be incorporated in the
theory. In ref 16, the theory was used to determine the
compositional dependence of øs of model isotopic poly-
ethylene mixtures at a single temperature and chain
length for the two components. The predictions were
found to be in reasonable agreement with the neutron
scattering measurements of Londono et al.6 Here we
focus on the determination of the compositional depen-† E-mail: melenke@chrs1.chem.lsu.edu.

4364 Macromolecules 1998, 31, 4364-4371

S0024-9297(97)01673-2 CCC: $15.00 © 1998 American Chemical Society
Published on Web 06/13/1998



dence of øs as a function of chain length and tempera-
ture. The rest of the paper is organized as follows: In
section II, the important aspects of the optimized cluster
theory (OCT) of binary polymer blends are reviewed.
Details of the theory were presented in two earlier
publications.16,17 The application of the OCT to isotopic
polyethylene blends is described in section III and the
compositional dependence of the effect SANS ø param-
eter, øs, is computed and then compared to neutron
scattering measurements. Finally, the summary and
conclusions are provided in section IV.

II. Theory
A. Optimized Cluster Theory of Binary Polymer

Blends. For a binary mixture of two linear polymers,
A and B, the OCT developed starts with the formally
exact cluster expansions for the Helmholtz free energy,
A, and pair correlation functions of a molecular mixture
developed by Chandler and co-workers22-24 within the
interaction site formalism.15,19 If polymers A and B
have NA and NB interaction sites, respectively, there will
be on the order of NA × NB independent pair correlation
functions, gmm′

(Rγ) (|r1,m
(R) - r2,m′

(γ) |) ) hmm′
(Rγ) (|r1,m

(R) - r2,m′
(γ) |) + 1,

which give the intermolecular correlations between sites
R and γ on polymers of type m and m′. The cluster
expansions provide the various correlation functions and
free energy in terms of an infinite series of diagrams
involving the f-bonds and s-bonds, where f-bonds rep-
resent the Mayer functions

νmm′(r) is the pair potential between sites R and γ on
polymers i and j of type m and m′, respectively, and the
s-bonds represent the various intrachain correlation
functions, {sm,Râγ...

(n/Nm) (ri,m
(R) , ri,m

(â) , ri,m
(γ) , ...)}, as previously

defined.16,17 The rules for constructing the diagrams in
the cluster expansions were provided in one of our
earlier publications.16

The key step in development of the optimized cluster
theory (OCT) of polymer blends, is the separation of the
pair potentials into the sum of a “reference potential”,
ν°mm′(r), which contains the harsh repulsions, and a
“tail potential”, νmm′

tail (r), that contains the more slowly
varying part of the potential

Equation 2.2 was then used to rewrite the cluster
expansions for hmm′

(Rγ) (r) and A in terms of the reference
system Mayer functions, f°-bonds, the tail potentials,
φmm′(r) ) - νmm′

tail (r)/kBT, and s-bonds. Next the site
averaging approximation,16 wherein the s-bonds were
replaced by their average over all segments, was used
to reduce the total number of pair correlation functions
to 3 - 2 describing the correlations between like species
(hAA(r) and hBB(r)) and one for unlike species (hAB(r)).
A similar approximation has been employed in the
PRISM theory of polymers and has been shown to
accurately model the liquid structure,10,11 even for fairly
short chains.25

The new cluster expansions were then reduced through
a series of topological reductions to yield an approximate
theory, applicable to dense systems. Diagrams in A and
hmm′(r) involving only f°-bonds were completely summed,
to yield the reference system free energy, Ao, and pair

correlation functions h°mm′(r) (i.e. a system interacting
only through the reference potentials) in the expansions
for A and hmm′, respectively.16 f°-bonds still remaining
in the cluster expansions were then eliminated in favor
of reference system correlation functions, called h°-
bonds, by summing subsets of diagrams involved only
f°-bonds and s-bonds. This step was accomplished in a
diagrammatically proper fashion (i.e., sum only allowed
diagrams in the various cluster expansions), by intro-
ducing the Chandler, Silbey, and Landanyi26 decompo-
sition of the site-site pair correlation function for
molecular systems

where the definitions of the components of h°mm′ can be
found elsewhere.16,22

Following the OCT developed for atomic mixtures and
single component molecular systems, the cluster expan-
sions were further reduced by summing “ring diagrams”
in A involving φ, h°, and s(2)-bonds (s(2)-bonds are the
average two-point intrachain correlation functions). This
contribution was labeled aRING. The analogous set of
diagrams in hmm′(r) correspond to chain diagrams
containing φ, h°, and s(2)-bonds which were denoted
Cmm′(r). Again to make the theory proper, Cmm′(r) was
decomposed in a manner analogous to that employed
for h°mm′:

where the notation is similar to that used in the
decomposition of h°mm′.

After these steps, the cluster expansion for the free
energy could be written as16

where Ao is the free energy of the mixture interacting
solely through the reference potentials, aRING is the
contribution to the mixture free energy from the ring
diagrams, aHTA is referred to as the “high temperature
approximation”19

where F̂m is the segment density of polymer m and V is
the system volume. ∆A, in eq 2.5, contains all other
diagrams in the formally exact cluster expansion for A
not included in the first three terms, and aRING was
determined to be16,17

where F, ĥo(k), ŝ(k), and φ̂(k) are matrices whose defi-
nitions are given in the next subsection. Similarly, the
Fourier transform of pair correlation functions were
given by

h°mm′(r) ) h°mm′,aa(r) + h°mm′,as(r) + h°mm′,sa(r) +
h°mm′,ss(r) (2.3)

Cmm′(|r1,m - r2,m′|) ) Cmm′,aa(|r1,m - r2,m′|) +
Cmm′,as(|r1,m - r2,m′|) + Cmm′,sa(|r1,m - r2,m′|) +

Cmm′,ss(|r1,m - r2,m′|) (2.4)

A ) Ao + aHTA + aRING + ∆A (2.5)

VaHTA )
1

2
∑
mm′

∫F̂mF̂m′[h°mm′(|r1 - r2|) + 1] ×
φmm′(|r1 - r2|) dr1 dr2 (2.6)

aRING ) - 1
2

1
(2π)3∫ dk(Tr{[F + F(ĥo(k) +

ŝ(k)) F]φ̂(k)} + ln det{I - [F + F(ĥo(k) + ŝ(k))F]φ̂(k)})
(2.7)

fmm′(|ri,m
(R) - rj,m′

(γ) |) ) exp[-νmm′(|ri,m
(R) - rj,m′

(γ) |)/kBT] - 1
(2.1)

νmm′(r) ) ν°mm′(r) + νmm′
tail (r) (2.2)
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where the components of Ĉmm′(k) can be obtained from
the matrix16

Approximate expressions for A and hmm′(r) were then
obtained by neglecting ∆A and ∆ĥmm′(k) in eqs 2.5 and
2.8, respectively. This step leads to nonzero values for
the pair correlation functions, gmm′(r) ) hmm′(r) + 1, at
physically unallowed separations.16 To correct for this
deficiency, the customary procedure in optimized cluster
theories is to employ the optimization scheme intro-
duced by Andersen and Chandler.18 When ν°mm′(r) is a
hard core potential,19 characterized by the hard core
diameter, dmm′, the expressions for A and gmm′(r) should
not be affected by the value of the tail potentials in the
hard core region, r < dmm′. gmm′(r) can be made zero for
r < dmm′ by adjusting the values of the tail potentials
for r < dmm′.16,18

The form of the OCT presented here could be used to
solve for the structure and thermodynamics of polymer
blends. However, for the structurally symmetric poly-
mer blends considered in the present investigation, it
is computationally more convenient to exploit the
equivalence of OCT with a set of diagrammatically
proper integral equations. Details on the development
of the diagrammatically proper integral equation for
polymer mixtures are provided in the next subsection.

B. Equivalent Diagrammatically Proper Inte-
gral Equations. Another method for predicting the
structure and thermodynamics of polymer mixtures is
to develop a diagrammatically proper integral theory
for the system pair correlation functions. Chandler,
Silbey, and Ladanyi (CSL)26 developed an integral
equation theory for single component molecular systems
that is based on the topological reduction of the formally
exact cluster expansions for the pair correlation func-
tions. Their approach was to define the total direct
correlation function between sites R and γ on different
molecules, c(Rγ)(r), as the sum of all nodeless diagrams
in the cluster expansion for the total correlation function
h(Rγ)(r). c(Rγ)(r) was introduced to reduce the expansions
for h(Rγ)(r) into the sum of chain diagrams involving the
direct correlation functions and the various intramo-
lecular correlation functions, sm,Rγ

(2/Nm)(r).26 In order to
make this reduction diagrammatically proper, Chandler
et al. had to decompose h(Rγ)(r) into the four components,
haa

(Rγ)(r), has
(Rγ)(r), hsa

(Rγ)(r), and hss
(Rγ)(r) as described in the

last subsection. It also proved necessary in their
development to decompose c(Rγ)(r) into four parts,
caa

(Rγ)(r), cas
(Rγ)(r), csa

(Rγ)(r), and css
(Rγ)(r), where the subscripts

on components of c(Rγ)(r) have the same meaning as
discussed for hmm′. With this decomposition for c(Rγ)(r)
and h(Rγ)(r), Chandler et al. were able to derive a set of
integral equations for the four components of h(Rγ)(r).26

It is straightforward to extend this approach to
molecular mixtures. For the binary mixture of two
linear homopolymers described above, after applying the
site averaging approximation, the Fourier transform of
corresponding CSL equations is given by

where the matrices ĥ(k), ĉ(k), and F are given by

In eq 2.13, F̂m is the site density of polymer m, and 0
is a 2 × 2 null submatrix. The matrix ŝ(k) in eq 2.10 is
given by

where ŝm(k) is the average two-point intrachain correla-
tion function

In order to solve eq 2.10 for the components of the
total correlation function matrix, a closure relation,
relating the components of the correlation function
matrices, c(r) and h(r), and the pair potentials are
required.

To develop a diagrammatically proper integral equa-
tion theory from eq 2.10 that is equivalent to the OCT
discussed in section II.A., eq 2.10 was first used to
determine the correlation functions with respect to the
reference system of hard core chains. Defining δĥ(k) )
ĥ(k) - ĥ°(k), δĉ(k) ) ĉ(k) - ĉ°(k), and Ĥ°(k) ) ĥ°(k) +
ŝ(k), where ĥ°(k) and ĉ°(k) are the Fourier transforms
of the correlation function matrices for the reference
system, eq 2.15 can be rewritten as

If the following closure relations

and

are used to solve eq 2.16, it can be demonstrated that
the diagrams summed in δĥ(k) are identical to those
included in Ĉ(k) of the optimized cluster theory.16

Finally, by extending the method of Høye and Stell28 to
the current problem, it is also possible to verify that the
free energy obtained from the solution of eqs 2.5 through

ĥmm′(k) ) ĥ°mm′(k) + Ĉmm′,aa(k) + Ĉmm′,as(k) +
Ĉmm′,sa(k) + Ĉmm′,ss(k) + ∆ĥmm′(k) (2.8)

Ĉ(k) ) (I + Ĥ°(k) F)φ̂(k) ×
[I - (F + F Ĥ°(k) F)φ̂(k)]-1 (I + F Ĥ°(k)) (2.9)

ĥ(k) ) ĉ(k) + ĉ(k)F ŝ(k) + ŝ(k)F ĥ(k) + ĉ(k)F ĥ(k)
(2.10)

ĥ(k) ) [ĥAA(k) ĥAB(k)
ĥBA(k) ĥBB(k) ] with submatrices

ĥmm′(k) ) [ĥmm′aa(k) ĥmm′as(k)
ĥmm′sa(k) ĥmm′ss(k) ] (2.11)

ĉ(k) ) [ĉAA(k) ĉAB(k)
ĉBA(k) ĉBB(k) ] with

ĉmm′(k) ) [ĉmm′aa(k) ĉmm′as(k)
ĉmm′sa(k) ĉmm′ss(k) ] (2.12)

F ) [FA 0
0 FB ] with Fm ) [F̂m F̂m

F̂m 0 ] (2.13)

ŝ(k) ) [ŝA(k) 0
0 ŝB(k) ] with ŝm(k) ) [0 0

0 ŝm(k) ] (2.14)

ŝm(k) )
1

Nm
∑
R,γ

Nm

(1 - δRγ) ŝm,Rγ
(2/Nm)(k)/F̂m (2.15)

δĥ(k) ) (I + Ĥ°(k) F)δĉ(k)[I - (F + F Ĥ°(k) F)δĉ(k)]-1

(I + F Ĥ°(k)) (2.16)

δhmm′,aa(r) ) δhmm′,as(r) ) δhmm′,sa(r) ) δhmm′,ss(r) ) 0
for r < dmm′

δcmm′,aa(r) ) φmm′,aa(r) for r g dmm′

δcmm′,as(r) ) δcmm′,sa(r) ) δcmm′,ss(r) ) 0 for r g dmm′
(2.17)

4366 Melenkevitz Macromolecules, Vol. 31, No. 13, 1998



2.7 is identical to that provided from the OCT, provided
the matrix φ̂(k) is identified with δĉ(k).16,17 Note that
the inputs to the theory are the pair potentials, the two-
point intrachain correlation functions, and the reference
system correlation function matrix, ĥ°(k). The OCT
should accurately describe the liquid structure and
thermodynamics at high densities, where the effect of
the tail potential does not alter the liquid structure
significantly over that of the reference system. For
atomic fluids, the convergence of the analogous cluster
expansions has been examined, and it was shown,18 for
a short ranged tail potentials, that the OCT is correct
in the limit of high density and/or high temperature. A
similar analysis for the polymer OCT, employed here
and developed in our earlier work,16,17 would also
demonstrate an increase in accuracy of the theory with
increasing density and temperaturesby construction
(through eq 2.6) the theory reproduces the correct high
temperature limit. The calculations for the isotopic
polyethylene mixtures presented here are for dense
melts; therefore, the OCT should accurately describe the
system thermodynamics. A check of the system cor-
relation functions, gmm′(r), against the reference system
correlation functions verified that the structure did not
change significantly with respect to the reference sys-
tem. However, systematic errors are introduced into
any OCT calculations which employ reference system
correlation functions determined from some approxi-
mate theory, as was done in the present study.

In the next section, the theory is applied to model
isotopic polyethylene mixtures to determine the effective
ø parameter, øs, as a function of composition, chain
length, and temperature. Equations 2.16 and 2.17 were
solved using the Picard iteration method19 over 8192
equally spaced points in both real space and Fourier
space. The grid spacings were 0.1 Å in real space and
3.8349 × 10-3 Å-1 in Fourier space.

C. Model for Isotopic Polyethylene Mixtures.
Details of the model used for the isotopic polyethylene
mixture were presented previously.16 The CH2 (H) and
CD2 (D) groups were represented by spherical sites with
hard core diameter, d. We ignored the small size
difference between the two repeat units that occurs with
deuteration. The distance between the centers of
adjacent sites on the chains, a, was taken to be the
carbon-carbon bond distance, 1.54 Å. The total site
density in the mixtures, F̂T, was fixed at 0.03354 Å-3.
This corresponds to a melt density of 0.7796 g/cm3 at T
) 430 K and ambient pressure.6 We neglected the slight
variation of F̂T over the temperature range considered
here and used this value for all calculations. The
number of segments comprising the normal and per-
deuterated chains were taken to be equivalent (i.e. NH
) ND ) N) for all the calculations reported here, since
the solution of eqs 2.16 and 2.17 are much more
computationally intensive when structural asymmetries
are introduced.

The various two-point intrachain correlation func-
tions, sm,Rγ

(2/Nm)(r), in ŝm(k) of eq 2.15, were approximated
by a model previously employed in the calculation of the
structure factor29 and equation of state30 in polyethylene
melts. For sites separated by five bonds or less (|R - â|
e 5), sm,Rγ

(2/Nm)(r) was determined from an exact RIS
calculation with the “pentane effect” included. For
bonds separated by more than five bonds, the Koyama
semiflexible chain model31 was utilized, where the
second and fourth moments of the vector distance

between sites R and γ, 〈RRγ
2 〉 and 〈RRγ

4 〉 respectively,
were specified from RIS calculations on polyethylene
chains. Further details of this model and the param-
eters used in this part of the calculation can be found
elsewhere.16 The temperature, T, was fixed at 430 K
for the RIS calculations. We expect this to have only a
small effect on the compositional dependence øs over the
temperature range considered, since the root mean
squared radius of gyration, Rg, of the chains change by
only approximately 2% over T ) 430 K to T ) 473 K.

Lennard-Jones potentials were used to model the
interactions between pairs of sites on different chains

where εmm′ and σmm′ are the well-depth and position
where the potential is zero for interactions species m
and m′ respectively. To transform eq 3.1 into the form
required by the optimized cluster theory, the Barker-
Henderson (BH) approximation was implemented.32

This leads to

while the hard core diameter, d, was fixed at 3.90 Å,
which was the value estimated from previous theoretical
calculations of the structure factor of homopolymer
polyethylene melt at T ) 430 K using PRISM theory.
This value of d has been shown to be consistent with
geometric calculations of the volume of a single CH2
group. Strictly speaking, within the BH approximation,
d should depend on temperature and the use of a single
d would likely break down if a wide range of tempera-
tures were considered. However, we limited the present
calculations to T ) 443 and 473 K and leave the
temperature dependence of d for future work.

For the parameters describing the interactions be-
tween the other species in the blend, we made the
following approximations: First, the small variation in
the position of the position of the bottom of the potential
well, associated with replacing the hydrogen with
deuterium, was ignored, and σDD was set equal to σHH.
The Lorentz-Berthelot combination rules19 were then
used to specify the parameters describing the interac-
tions between the CH2 and CD2 sites. This results in
setting σHD ) σHH and having the well depth parameters
related by

This approximation is expected to accurately describe
isotopic mixtures where the difference in interaction
energies between the various components derives prin-
cipally from the difference in the bond polarizabilities.1
Again, to minimize the number parameters in the
model, we also used the values εHH ) 38.7 K and σHH )
4.37 Å obtained for the calculations on polyethylene
melts at 430 K.24,25 This left only one parameter, εDD
or εHD, undetermined in the model. This parameter was
determined by adjusting εDD such that the critical
temperature, Tc, predicted by OCT matched the value
from neutron scattering measurements with N ) 8746
and φD ) 0.5.16

In section III, results are presented for mixtures at
T ) 443 and 473 K, with 443 K being one of the
temperatures considered in the measurements of Lon-

νmm′
LJ (r) ) 4εmm′[(σmm′

r )12

- (σmm′

r )6] (2.18)

νmm′
tail (r) ) νmm′

LJ (r) (2.19)

εHD ) (εHHεDD)1/2 (2.20)
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dono et al.6 The model parameters specified at 430 K
were used for all the calculations reported here (i.e., T
) 443 and 473 K). We did this for two reasons: (1) Over
the temperature range from 430 to 473 K the root mean
squared radius of gyration of the polyethylene chains,
Rg, were determinedswithin the RIS model used for the
intrachain correlation functionssto change by only
approximately 2%. For the measurements6 we com-
pared the calculations to, the experimental error in Rg
is larger than this variation. (2) As mentioned above,
the hard core diameter of the united atom monomers,
d, is temperature dependent in the BH approximation.
At present, we do not know how well the BH ap-
proximation works for the temperature dependence of
d when modeling polymeric systems. Therefore, to
avoid introducing additional unknown errors through
this temperature dependence, we ignored any temper-
ature dependence of the model parameters. However,
over the narrow range of temperatures considered, d
should change only slightly.

Finally the reference system correlation functions
needed to solve eqs 2.16 and 2.17 were calculated using
PRISM integral equation theory10,11 by exploiting the
physical interpretation of the various components of the
reference correlation function matrix, ĥ°(k).16 Details
of this part of the calculation can be found elsewhere.16

It should be noted that these reference system correla-
tion functions could also be obtained from computer
simulations of hard sphere chains.

To facilitate making contact with the measurements
of Londono et al., we determined the effective SANS
interaction parameter, øs, using in the following expres-
sion relating the zero-angle scattering cross section,
(dΣcoh/dΩ)(k ) 0), to the partial structure factors33

where bm is the total scattering length of segment of
type m. Ŝmm′(k) is the partial structure factor between
sites of species m and m′ and is given by

where ŝm(k) is the Fourier transform of the average two-
point intrachain correlation function, sm(r). By equating
the expression for (dΣcoh/dΩ)(k) to the incompressible-
RPA (iRPA) form for the structure factor

with

øs, was calculated in a manner similar to that used in
neutron scattering measurements. In eq 2.24 Vm is the
volume of segment m (Vm ) (π/6)d3) which is 31.06 Å3

long and Vo, the reference volume, was set equal to the
segment volume. With this definition for øs, all correc-
tions to mean field theory due to compositional fluctua-
tions, compressibility, and local liquid packing are
lumped into øs. For isotopic polyethylene mixtures, the

non mean field contributions to øs appear to have only
a small effect on the location of the binodalssthe binodal
curve is rather insensitive to the compositional depen-
dence of øs.34 Therefore, the calculation of the compo-
sitional dependence of øs from eqs 2.21 to 2.24, instead
of the determination of the binodals, followed by a
comparison to experiment should provide a very sensi-
tive means to evaluate the accuracy of the various
theories for polymer blends. In addition, with øs deter-
mined in the manner described above, we found that
the RPA form for the coherent scattering intensity,
(dΣcoh/dΩ)(k), yields a reasonable fit to (dΣcoh)/dΩ)(k)
determined from the OCT, over the range of k values
considered in the experimental investigations of Lon-
dono et al. (0.005-0.04 Å-1).6 However, we did notice
that the calculated (dΣcoh/dΩ)(k) generally decays faster
than the RPA form over the range 0.005 Å-1 < k < 0.04
Å-1. This faster decay of (dΣcoh/dΩ)(k) could be at-
tributed to using the Koyama semiflexible chain models
whose intrachain correlation functions have a stronger
k dependence than the Gaussian chain correlation
functions (i.e. Debye functions) in the RPA expressions
to approximate the intrachain correlation functions in
eq 2.15 with |R - γ| > 5. We anticipate that if the RIS
model were used for all the intrachain correlation
functions, the decay of (dΣcoh/dΩ)(k) would more closely
resemble the RPA form for the coherent scattering
intensity, since Yoon and Flory35 have shown that the
segment-segment distribution functions for polyethyl-
ene, calculated from the RIS model, follow nearly
Gaussian behavior for chains with more than 50 seg-
ments.

III. Results and Discussions
Previous work16 established reasonable agreement

with experiment for the compositional dependence of øs
at a single temperature and molecular weight, although
the theory was found to underestimate the upturn in øs
at the compositional extremes. We now consider the
molecular weight dependence of øs and further explore
the compositional and temperature dependence of øs.

Figure 1 shows predictions of the theory for øs as a
function of the volume fraction of the deuterated species,
φD, for three different chain lengths, N ) 3290, 5220,
and 8749, and T ) 443 and 473 K. In addition to
exhibiting concave-up compositional dependence, øs was
also found to display a chain length dependence. Both
predictions have been observed in the neutron scattering
measurements of Londono et al.6 The curves appearing
in Figure 1 correspond to fits to the expression

which was proposed by Krishnamoorti et al.36 to fit
experimental data on isotopic mixtures of ethylene-
butene-1 copolymers. It can be seen from this figure
that eq 3.1 provides a very good fit to the calculated øs
over the entire range of composition. The coefficients,
â and γ, in eq 3.1 corresponding to the conditions
investigated are provided in Table 1. The trends
observed for γsγ is independent of temperature but
varies with Nsare in agreement with experiments;
however, the predicted values obtained for γ from our
theory are approximately an order of magnitude lower
than that found in the measurements of Londono and
co-workers.6 Their experimental data suggest a weak

øs ) â(T,N) +
γ(T,N)

φD(1 - φD)
(3.1)

dΣcoh

dΩ
(k ) 0) ) ∑

m,m′
bmbm′Ŝmm′(k ) 0) (2.21)
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molecular weight dependence to â, although no clear
trend was identified. From the present calculations, we
found no N dependence to â over the range of chain
lengths studied. The values of â are in fairly good
agreement with the experiments, but wider ranges of
temperatures need to be considered in the future to
ascertain the functional form of temperature depen-
dence of â. Finally, parts a and b of Figure 1 show that
as φD approaches the extremes in concentration (i.e. 0
or 1), øs decreases with increasing temperature, also in
agreement with numerous measurements on isotopic
blends.6,34

The concave up compositional dependence to øs can
be considered to be derived from concentration fluctua-
tions in the system. From the theory of critical phe-
nomena,37 it is known that the addition of composition
fluctuations will stabilize a system relative to the mean-
field situation (i.e. move the system further away from
the spinodal point). This implies that fluctuations will
reduce the effective interaction parameter, øs, in the
blend system. In addition, fluctuation effects are more
pronounced for temperatures closer to the spinodal
linesthe correlation length for the composition fluctua-
tions increases as the spinodal is approached and
diverges at the spinodal.38 For a binary mixture of

structurally symmetric polymers, such as the isotopic
polyethylene system studied here, as the composition
is varied from φD ) 0.5 at constant temperature the
system moves further away from the spinodal line.
Therefore, the fluctuation effects will be diminished as
the compositional extremes, φD ) 0 or 1, are approached
and øs will increase in these limits. To quantify the role
compressibility has on the compositional dependence of
øs within the OCT used here, we will need to determine
øs as a function of total monomer density. We plan to
do this in the near future.

Further examination of the chain length dependence
for the calculated øs, obtained from a “best fit” of the
calculated øs to the function form, øs ) øs(∞) + D/N,
revealed øs to be proportional to 1/N. Figure 2 gives a
plot øs as a function of 1/N. This predicted N depen-
dence agrees with the reanalysis of the isotopic poly-
ethylene blend data of Londono et al. performed by
Crist.39 We also found that in the long chain limit (N
f ∞), where compositional fluctuations are expected to
be negligible based on the Ginzburg criterion,38,40 øs does
not approach the mean field value, øo, for either tem-
perature considered. In this limit, øs was found to be
approximately 4% lower than øo, suggesting that fluid
compressibility and monomer packing renormalize the
interactions even in the long chain limit. This result is
in qualitative agreement with the lattice cluster theory
(LCT) of Dudowicz and Freed.7,8

The predictions of the OCT for the composition and
chain length dependence of øs can be contrasted with
other investigations of model isotopic blends. PRISM
calculations using molecular closures,13 at meltlike
densities have been performed on “energetically sym-

Figure 1. Calculated effective SANS interaction parameter,
øs, as a function of the volume fraction of deuterated polyeth-
ylene, φD, in the isotopic mixture for N ) 3290 (sOs), 5220
(- ] -), and 8749 (- -4- -). Results for (a) T ) 443 K and (b)
T ) 473 K, where the curves correspond to fits to eq 3.1.

Table 1. â and γ from Eq 3.1 as a Function of Chain
Length, N, for T ) 443 and 473 K

T ) 443 K T ) 473 K

N â × 104 γ × 104 â × 104 γ × 104

3290 1.996 0.0606 1.875 0.0605
5290 1.998 0.0380 1.876 0.0381
8749 1.999 0.0226 1.877 0.0226

Figure 2. Calculated øs as a function of 1/N for four blend
compositions: φD ) 0.50 (s4s), φD ) 0.20 (s O s), φD ) 0.10
(- 0 -), and φD ) 0.05 (- -]- -). Results are given for (a) T )
443 K and (b) T ) 473 K.
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metric blends” (a simplified model for isotopic blends)
and a concave up compositional dependence for øs was
found. In addition, the compositional dependence was
found to decrease with increasing chain length, although
the quantitative dependence of øs with N at constant
temperature was not determined in the PRISM study.
Further, for chains consisting of 2500 segments at a
temperature (characterized by øsN|φD)0.5 ) 1.9) fairly
close to the spinodal temperature, øs varied by ap-
proximately 5% over the entire composition range.13

This is much smaller than the relative change of øs with
composition observed in numerous measurements on
polyolefin based isotopic blends.2-6 The PRISM results
can also be contrasted with the predictions of the OCT
shown in parts a and b of Figure 1. OCT predicts a
substantial increase in øs as the compositional extremes
are approached for much lower values of øsN or much
larger chain lengthssresults in Figure 1(a) at T ) 443
K correspond to øsN|φD)0.5 ) 1.827 (N ) 8746), øsN|φD)0.5
) 1.123 (N ) 5220), and øsN|φD)0.5 ) 0.7367 (N ) 3290)s
than considered in the PRISM calculations. The results
of the OCT also show that compositional dependence of
øs increases as the temperature is lowered and/or the
molecular weight is decreased at constant T; therefore,
it is expected that the compositional dependence of øs
would increase noticeably if temperatures corresponding
to øsN|φD)0.5 ) 1.9 and chain lengths close to 2500
segments are considered. It should be noted that the
PRISM calculations employed a different method to
determine øs than that used in the present studysthe
collective structure factor for the mixture was used to
extract øs from eq 2.24 in ref 13sand it is possible that
this could lead to lower than expected values for øs.
Finally, an attempt to model the compositional depen-
dence of øs in isotopic polyethylene blends,9 using the
LCT with interaction energies (εRγ) appropriate for
isotopic mixtures were unable to yield concave up
compositional dependence to øs as was found in neutron
scattering measurements6 and was found here using the
OCT. Although, øs was determined using the same
formalism described in section II.C., the experimental
total scattering lengths (i.e., bm in eqs 2.21 and 2.23)
for the normal and deuterated methylene groups were
not employed in these LCT calculations. Instead, these
authors assumed that there was “complete scattering
contrast” between the two monomers (only monmers of
one type scatter).9 This could be the source of the
concave down compositional dependence predicted in the
LCT calculations.

IV. Conclusions
The effective SANS ø parameter, øs, for model isotopic

polyethylene blends was calculated using our recently
developed optimized cluster theory for polymer mix-
tures. The theory includes in an approximate fashion
corrections to mean field theory arising from density and
composition fluctuations, local monomer packing, and
chain correlations. We found that the calculated com-
positional and chain length dependence of øs is in fairly
good agreement with experiment; however, the magni-
tude of øs at the extremes in composition is approxi-
mately an order of magnitude lower than the experi-
mental values. This discrepancy between the calculated
and experimental values could be attributed to a
number of simplifications employed here. First, to
reduce the computational effort, we only considered
symmetric chain length for the two blend species. The
experiments of Londono et al. contained slightly asym-

metric chain lengths for the deuterated and hydroge-
nated species. It has been established from within the
LCT that polymer mixtures become more compressible
as the amount of structural asymmetry increases, and
this leads to an additional entropic contribution to øs.7
The role that structural asymmetries have on the
thermodynamic properties of polymer blends, within the
present theoretical framework, will be the subject of
future work. Also, we ignored the temperature depen-
dence of the average size of the polymer in the calcula-
tion of the intrachain correlation function, s(k). Monte
Carlo41 simulations of symmetric (A/B) binary blends,
where the relative amount of B is low, have established
that dimensions of the polymer chains decrease as the
temperature is lowered, with this effect being more
pronounced for the minority chains. Changes in the coil
size are expected to alter øs, since the number of contacts
with monomers on other chains is directly related to the
chain structure. The influence of coil size on øs can be
rationalized based on the Ginzburg criterion38,40 for the
break down of mean field theory. Assuming the chains
remain approximately Gaussian, a chain comprising N
segments will occupy a volume on the order of Rg

3,
where Rg ∼ lN1/2 and l is the Kuhn length. This implies
that each chain interacts with N1/2 other chains. For
the case where the radius of gyration increases due to
swelling, a greater number of chains (over the unswelled
situation) will reside within the effective volume oc-
cupied by a given chain. Composition fluctuations,
arising from the removal order addition of monomer
segments within this volume, will then be reduced. This
reduces the fluctuation contribution to øs. From the
theory of critical phenomena,37 fluctuations are known
to stabilize a system relative to the mean field case
when fluctuations are added; therefore, øs should in-
crease when the fluctuation effects are reduced.
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